Abstract: In this paper it is established that a decomposition of a 3-uniform hypergraph K 
Introduction
A hypergraph H is a pair (V, E), where V is a finite set of vertices, E is a family of subsets of V (called hyperedges or edges). A hypergraph is called simple if E has no repeated edges. All hypergraphs considered in this paper are simple. A sub-hypergraph H ′ = (V ′ , E ′ ) of H = (V, E) is a hypergraph satisfying V ′ ⊆ V and E ′ ⊆ E.
A hypergraph is said to be t-uniform if each of its edges contains exactly t vertices. In particular a 2-uniform hypergraph is just a graph. For a t-uniform hypergraph H, let V (H) and E(H) denote the vertex-set and edge-set of H, respectively. We say that H contains a vertex x if x ∈ V (H), and H contains a set of vertices {x 1 , x 2 , . . . , x t } if {x 1 , x 2 , . . . , x t } ∈ E(H). A t-uniform hypergraph is said to be complete if the edge-set E contains each t-subset of V exactly once.
It is denoted by K (t)
v , where v = |V | is called the order of the tuniform hypergraph. The degree of a vertex x in a hypergraph is the number of edges that contain this vertex. It is denoted by d(x). For more information on hypergraphs, the reader may refer to [1] .
Let H be a t-uniform hypergraph and Γ be a set of t-uniform hypergraphs. A decomposition of H into hypergraphs of Γ is a partition of the edges of H into sub-hypergraphs each of which is isomorphic to a hypergraph in Γ. Such a decomposition of H into Γ is denoted by (H, Γ)-design. Hypergraph decompositions have an interesting application in secret sharing schemes (cf. [4] ). When H = K
v , Γ)-design is called a t-wise balanced Γ design, denoted by S(t, Γ, v). If Γ only contains one hypergraph J, we write S(t, {J}, v) simply as S(t, J, v). Let K be a set of positive integers and Ω a set of complete t-uniform hypergraphs, where the order of each element in Ω is from K. We denote an S(t, Ω, v) by S(t, K, v), which corresponds to the traditional concept of t-wise balanced design (t-BD) [2] . Therefore the t-wise balanced Γ design is a generalization of the t-wise balanced design.
One of the interesting problems in design theory is to determine the existence spectrum of S(t, Γ, v), where Γ is a set of t-uniform hypergraphs. When t = 2, significant progress was made on this problem by many authors (e.g., see [3] and the references therein). However much less is known about t ≥ 3. For t = 3, the necessary conditions for the existence of an S(3, Γ, v) are as follows.
Lemma 1.1 ([5])
Let Γ be any set of 3-uniform hypergraphs and J ∈ Γ. Let d * J (x 1 , x 2 ) be the number of edges in J containing the two vertices x 1 and x 2 . The following are necessary conditions for the existence of an S(3, Γ, v):
For an edge e ∈ E(K
4 − e denote the hypergraph obtained from K (3) 4 by deleting the edge e. In [5] , the authors investigated the existence of an S(3, K (3) 4 − e, v) as follows.
4 − e, v) exists if and only if v ≡ 0, 1, 2 (mod 9) and v ≥ 9.
In [6] Hanani gave the following theorem. 4 + e is a hypergraph (V, E) with V = {1, 2, 3, 4, 5} and E = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {3, 4, 5}}. In this paper we establish that For convenience, in this paper we always assume that K is a set of positive integers, Γ is a set of t-uniform hypergraphs, and Ω is a set of complete t-uniform hypergraphs, where the order of each element in Ω is from K.
Recursive constructions
To describe our recursive constructions, we need the following auxiliary designs. For the general background on design theory, the reader is referred to [2] .
Let n and t be positive integers. Suppose that X is a set of points, B is a collection of hypergraphs on the subsets of X (called blocks), and G is a partition of X into n non-empty subsets (called groups or holes). A group divisible (Γ , t)-design is a triple (X, G, B), where for each B ∈ B, B is isomorphic to a hypergraph in Γ, such that each edge from the edge-set of each block intersects any given group in at most one point, and each t-subset of X from t distinct groups is contained in a unique block.
We use the usual exponential notation for the types of group divisible (Γ, t)-designs. If we replace Γ by Ω, then a GDD(t, Ω, v) is denoted by GDD(t, K, v), which corresponds to the traditional concept of group divisible t-design (t-GDD) [11] . Therefore the group divisible (Γ, t)-design is a generalization of the group divisible t-design. Furthermore, if all the n groups have the same size g, a GDD(t, K, v) is called an H design [10] , denoted by H(n, g, K, t).
Lemma 2.1 ([9])
For any integer 4 ≤ n ≤ 27 and n = 5, 21, there is a GDD(3, {4, 6}, 2n) of type 2 n .
The following construction is a variation of the fundamental construction for t-GDD [11] .
Let v, m and t be positive integers, and s be a non-negative integer. Suppose that X is a set of
, and A is a collection of hypergraphs on the subsets of X (called blocks). A candelabra (Γ , t)-system is a quadruple (X, S, T , A) of type (g
, where for each A ∈ A, A is isomorphic to one of Γ, such that every t-subset T ⊂ X with |T ∩ (S ∪ G i )| < t for all i is contained in a unique block and no t-subset of S ∪ G i is contained in any block. Such a system is denoted by CS(t, Γ, v) of type (g
If we replace Γ by Ω, then a CS(t, Γ, v) is denoted by CS(t, K, v), which corresponds to the traditional concept of candelabra t-design [11] . Thus the candelabra (Γ, t)-system is a generalization of the candelabra t-system. Lemma 2.3 There exists a CS(3, {4, 6}, 2n + 2) of type (2 n : 2) for any integer n ≥ 3.
Proof For n ≡ 0, 1 (mod 3) and n ≥ 3, let (X, B) be an S(3, 4, 2(n+ 1)) by Theorem 1.3. Let a and b be two distinct points in X. Let T = {B \ {a, b} : B ∈ B, {a, b} ⊂ B} and D = {B : B ∈ B, {a, b} ⊂ B}. Then it is readily checked that (X, {a, b}, T , B\D) is a CS(3, 4, 2n+2) of type (2 n : 2).
For n ≡ 2 (mod 3) and n ≥ 5, let (X ′ , ∅, G, B ′ ) be a CS(3, 4, 2(n+ 1)) of type (6 (n+1)/3 : 0) by Theorem 1 in [10] . Let c and d be two distinct points from two distinct groups in G.
2) of type (2 n : 2). This completes the proof.
2
By Lemma 2.3, the following lemma is straightforward.
Lemma 2.4 ([7])
There exists an S(3, {4, 6}, v) for any integer v ≡ 0 (mod 2) and v ≥ 4.
We quote the following result for later use. 
s , Γ)-design is denoted by HS(t, Γ; v, s), where the set of the s points is called the hole of this design. The following construction is simple but useful. 
Then using similar arguments as in Construction 2.8 in [5] , it is readily checked that (X ′ , S ′′ , G ′ , B) is the required CS(3, Γ, v ′ ).
2 Construction 2.8 in [5] can be seen as a corollary of the above construction.
Direct constructions
In the following we always denote the copy of K (3) 4 + e with vertices x, y, z, u, v and edges {x, y, z}, {x, y, u}, {x, z, u}, {y, z, u}, {z, u, v} by (x, y, z, u, v). 8, 1, 3, 0) , (1, 6, 3, 5, 8) , (7, 9, 1, 3, 2) , (1, 9, 4, 6, 8) , (8, 1, 5, 7, 4) , (4, 5, 2, 3, 0), (2, 9, 3, 6, 7), (2, 3, 7, 8, 9) , (2, 4, 8, 9, 6) , (0, 2, 4, 6, 3), (2, 5, 6, 7, 9) . For v = 12: let X = Z 11 ∪ {∞}. Base blocks for this design are given below. All other blocks are obtained by developing these base blocks by +1 modulo 11, where ∞ + 1 = ∞.
(8, 1, 0, 5, ∞), (0, 1, ∞, 3, 7), (1, 4, 6, 0, 2), (7, 9, 1, 0, 2). For v = 15: let X = Z 13 ∪ {∞ 1 , ∞ 2 }. Base blocks for this design are given below. All other blocks are obtained by developing these base blocks by +1 modulo 13, where 
4 + e, gn) of type (g n : 0) for (g, n) ∈ {(5, 3), (5, 5) , (10, 2) , (15, 2)}.
Proof Let X = Z gn , S = ∅ and T = {nZ g + j : 0 ≤ j ≤ n − 1}. Base blocks for these designs are given below.
For (g, n) = (5, 3), develop the following base blocks by +3 modulo 15.
(0, 6, 1, 7, 14), (1, 8, 0, 11, 4) 
4 + e, gn + 1) of type (g n : 1) for (g, n) ∈ {(5, 3), (5, 5) , (6, 4) , (10, 2)}.
Proof Let X = Z gn ∪ {∞}, S = {∞} and T = {nZ g + j : 0 ≤ j ≤ n − 1}. Base blocks for these designs are given below.
For (g, n) = ( 
Conclusion
In this section we give the necessary and sufficient conditions for the existence of an S(3, K
4 + e, v).
Lemma 4.1 There does not exist an S(3, K
4 + e, v) for v = 5, 6.
Proof Let (X, B) be an S(3, K 
